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Abstract

We consider streamline diffusion, also known as SUPG (Streamline Upwind
Petrov–Galerkin), methods applied to the time-dependent shallow-water equa-
tions. Streamline diffusion (SD) methods are finite element methods that com-
bine good stability properties with high accuracy and are particularly suitable
for hyperbolic and advection-diffusion equations. The SUPG method, intro-
duced by Thomas Hughes and Alexander Brooks in 1979 [5], was applied and
analysed intensively throughout the 80’s by Thomas Hughes and, in parallel, by
Claes Johnson, and their co-workers, see, e.g., [9, 1, 12, 10, 8, 11, 6, 4, 7, 2, 3].
Claes Johnson adopted the name streamline diffusion method [9], extended it
to the time–dependent problems and related the method, regarding the time
discretization, to the discontinuous Galerkin method [12, 10].

Written in conservation form (mass/momentum flux), the shallow-water equa-
tions constitute a non-linear hyperbolic system, similar to the compressible
Navier-Stokes equations, and their numerical approximation, either in con-
servative or non-conservative form, has been obtained by various finite differ-
ence and finite element methods, most recently by local discontinuous Galerkin
methods. Rigorous error analyses have, however, been scarce and even more
so for the fully discretized problem written in terms of the non-conservative
variables – the depth-integrated horizontal velocities and the height of the free
surface.

In this talk, I will present some of our recent results on the application of SD
methods, with time–space elements, to two–dimensional shallow-water equa-
tions written in a non–conservative form. We will prove error estimates of order
hk and hk+1/2 using a suitably stabilized variational formulation. Our finite
element approximation is continuous in space but possibly discontinuous in
time and we use kth–order polynomials for the surface height and polynomials
of order k or k + 1 for the velocities.

This is a joint work with Clint Dawson from the Center for Subsurface Modeling
at the Institute for Computational Engineering and Sciences at the University
of Texas at Austin (USA).



References

[1] Brooks, A, Hughes, T, Streamline Upwind/Petrov–Galerkin Formulations
for Convection Dominated Flows with Particular Emphasis on the Incom-
pressible Navier–Stokes Equations, Comp. Meth. Appl. Mech. Engrg 32
(1982), 199–259.

[2] Hansbo, P, Szepessy, A, A Velocity–Pressure Streamline Diffusion Finite
Element Method for the Incompressible Navier–Stokes Equations, Comp.
Meth. Appl. Mech. Engrg 84 (1990), 175–192.

[3] Hansbo, P, Johnson, C, Adaptive Streamline Diffusion Methods for Com-
pressible Flow Using Conservation Variables, Comp. Meth. Appl. Mech.
Engrg 87 (1991), 267–280.

[4] Hughes, T, Recent Progress in the Development and Understanding of
SUPG Methods with Special Reference to the Compressible Euler and
Navier–Stokes Equations, Int. J. Num. Meth. Fluids 7 (1987), 1261–1275.

[5] Hughes, T , Brooks, A, A Multi–Dimensional Upwind Scheme with No
Crosswind Diffusion, in: Finite Element Methods for Convection Domi-
nated Flows, T Hughes (ed.), ASME Monograph 34, (1979), pp. 19–35.

[6] Hughes, T, Franca, L, Mallet, M, A New Finite Element Formulation for
Computational Fluid Dynamics: VI. Convergence Analysis of the Gener-
alized SUPG Formulation for Linear Time–Dependent Multidimensional
Advective–Diffusive System, Comp. Meth. Appl. Mech. Engrg 63 (1987),
97–112.

[7] Hughes, T, Franca, L, Hulbert , G, A New Finite Element Formulation
for Computational Fluid Dynamics: VIII. The Galerkin/Least–Squares
Method for Advective–Diffusive Equations, Comp. Meth. Appl. Mech. En-
grg 73 (1989), 173–189.

[8] Hughes, T, Mallet, M, A New Finite Element Formulation for Compu-
tational Fluid Dynamics: III. The Generalized Streamline Operator for
Multidimensional Advective–Diffusive Systems, Comp. Meth. Appl. Mech.
Engrg 58 (1986), 305–328.
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