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Abstract

We present a general variational framework for a higher-order spline level-set (HLS)
method and apply this to smooth surface constructions. Starting from a first order energy
functional, we derive the general level set formulation, and provide an efficient solution of
a second order , time-dependent, geometric partial differential equation (termed geometric
flow), using a C2 B-spline basis. We also present a fast cubic C2 B-spline interpolation
algorithm based on convolution and the Z-transform, which exploits the local relationship of
interpolatory cubic spline coefficients with respect to given function data values. We provide
two demonstrative smooth surface construction examples of our HLS method. The first is
the construction of a smooth surface model (an implicit solvation interface) of bio-molecules
in solvent, given their individual atomic coordinates and solvated radii. The second is the
smooth surface reconstruction from a cloud of points generated from a 3D surface scanner.

1 Introduction

Level set methods are increasingly being used in the solution of time-dependent (evolutionary)
partial differential equations [6]. Here we consider its application to smooth surface construction
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Fig 1.1: Variational C2 cubic B-spline Molecular Surface Reconstruction[2, 10, 4]: (a) shows
the van der Waals surface of a molecule. (b) shows the corresponding solvent excluded molecular
surface constructed using our C2 tri-cubic spline level-set method. (c) illustrates that the smooth
solvent excluded surface constructed tightly encloses the van der Waals surface (a).

by presenting a higher order spline level set generalization and solution of an appropriate geo-
metric evolutionary partial differential equation. The level set geometric formulation is derived
by minimizing an energy functional defined with respect to the surface and its first derivatives.

Given a non-negative function g(x) over a domain Ω ∈ R3. Find a surface Γ in Ω, such that
the energy functional

E(Γ) =

∫

Γ
g(x)dx + ǫ

∫

Γ
h(x,n)dx (1.1)

is minimal, where x and n is a surface point and its surface normal, respectively. Further, h(x,n)
is another given non-negative function defined over R3 ×R3 which is used for regularizing the
constructed smooth surface. Finally, ǫ ≥ 0 is a constant. Many solid and physical modeling
problems, such as surface (solid boundary) reconstruction, and physically based simulation of
deformable interfaces could be formulated as minimizing an energy in the form of (1.1). By
minimizing the energy functional (1.1), a partial differential equation (PDE) in the level-set
formulation can be generated. The PDE is solved using the higher-order spline level-set (HLS)
method that we present here. Fig. 1.1 and 1.2 show two examples of smooth surface construction,
an interface (surface) that separates a molecule’s atoms from the solvent atoms (typically water),
and a smooth surface reconstruction fit to a point set generated by a 3D surface scanner.

Why Use a Level-set Method? In shape deformation simulations, topology changes may
occur. This topology change makes parametric form surface tracking difficult. However, implicit
form surface deformation could overcome this difficulty. Implicit surface splines, such as tetra-
hedral A-patches and prism A-patches, have been successfully used in computer graphics and
surface modeling in the past decades (see [1, 5, 12] for references), however mostly used in static
surface modeling. The level-set method described here allows one to dynamically deform and
track an implicit surface spline using a governing PDE, which describes various laws of motion
depending on geometry, external forces, or a desired energy minimization (see [6, 7, 9, 11]). Fur-
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Fig 1.2: Variational C2 cubic B-spline Point - Sampled Surface Reconstruction[]: (a) shows the
point set data produced by a 3D surface scanner. (b) shows the the reconstruction result using
our C2 tri-cubic spline level-set method. (c) shows the reconstruction result for a C0 tri-linear
level-set method (also generated from our implementation).

thermore, the underlining data structure is simple and topological changes are handled easily,
with the computation being restricted to a thin shell (traditionally called a narrow band for
evolution) surrounding the level-set.

Why Use a Higher-order Spline Method? The level-set surfaces obtained from classical
level-set methods are generally bumpy due to the use of piecewise tri-linear interpolation from
the discrete function data computed on a rectilinear grid. To produce a better quality surface,
a denser grid needs to be used. However, the increased grid resolution substantially increases
the computation costs. Another drawback of using discrete data over grids is the non-trivial
requirement of estimating derivatives for smooth interpolation. In many surface construction
problems, such as the construction of molecular surface, the underlining surface is at least C1

smooth. Therefore, a smooth level-set function is highly desirable. In this paper, we are solving
second-order geometric partial differential equations. In the solutions of these PDE’s we utilize
accurate estimates of mean surface curvature Therefore, we use C2 tri-cubic spline as the level-set
function basis. Note that tri-cubic is the lowest order B-spline that could achieve C2 continuity
in 3D. The advantages using C2 spline function bases include:

1. Since the level-set function is C2 smooth, the level-set surface is G2 smooth. There do exist
a finite number of critical level-set values where the level-set may have a finite number
of isolated singular points (i.e the gradient of the level-set function vanishes). However
working in a finite precision numerical domain one automatically avoids these finite set of
critical level-set values.

2. Derivatives up to the second order and curvatures, which appear in the governing geomet-
ric partial differential equations, are easily and exactly computed from the C2 level-set
function.

3. Using smooth level-set functions implies that larger and higher-order spline iso-surface
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patches could be directly generated.

2 Mathematical Notation and Definitions

We first introduce some useful notation and definitions for geometric quantities on level-sets M
in terms of the corresponding level-set function φ. Let φ : Ω → R be some smooth function on
a domain Ω ⊂ R3. Suppose Mc := {x ∈ Ω : φ(x) = c} is a level-set of φ for the level value c.
For the sake of simplicity,we simply write M = Mc and assume that ‖∇φ‖ 6= 0 on M. Hence
by the implicit function theorem, Mc is a smooth surface and the normal

n =
∇φ

‖∇φ‖

on the tangent space TxM is defined for every x on M. Using a co-area formula, the energy
functional can be defined as

E[φ] :=

∫

R

e[Mc]dc =

∫

Ω

‖∇φ‖h(x,n)dx.

Next we compute

〈E′[φ], ϑ〉 =
d

dǫ
E[φ + ǫϑ]

∣

∣

ǫ=0
(2.1)

=
d

dǫ

∫

Ω

‖∇(φ + ǫϑ)‖h

(

x,
∇(φ + ǫϑ)

‖∇(φ + ǫϑ)‖

)

dx

∣

∣

∣

∣

∣

ǫ=0

=

∫

Ω

d

dǫ
(‖∇(φ + ǫϑ)‖)

∣

∣

ǫ=0
h(x, r)dx

+

∫

Ω

‖∇φ‖



hx
dx

dǫ
+ hn

d
[

∇(φ+ǫϑ)
‖∇(φ+ǫϑ)‖

]

dǫ





∣

∣

∣

∣

∣

ǫ=0

dx (2.2)

The remaining task is to calculate

d

dǫ
(‖∇(φ + ǫϑ)‖)

∣

∣

ǫ=0
=

∇φ · ∇ϑ

‖∇φ‖
, (2.3)

d
([

∇(φ+ǫϑ)
‖∇(φ+ǫϑ)‖

])

dǫ

∣

∣

∣

∣

∣

ǫ=0

=
∇ϑ‖∇φ‖ − (∇φ ⊗∇φ)∇ϑ/‖∇φ‖

‖∇φ‖2

= ‖∇φ‖−1P∇ϑ, (2.4)

where operator P = I− ∇φ
‖∇φ‖ ⊗

∇φ
‖∇φ‖ is the projection onto the tangent space and I indicates the

identity mapping.
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Next we compute x′(0) = dx(ǫ)
dǫ

|ǫ=0. Since

φ(x(ǫ)) + ǫϑ(x(ǫ)) = c,

Taking differential with respect to ǫ, and then taking ǫ to be zero, we have

(∇φ)T x′(0) + ϑ(x) = 0. (2.5)

Let

x′(0) = α(x)
∇φ

‖∇φ‖
+ β(x)T (x), (2.6)

whereT (x) is a tangent vector at x. substituting (2.6) into (2.5), we obtain

α(x) = −
ϑ(x)

‖∇φ‖
.

Since the motion in the tangential direction does not alter the shape of the surface, we ignore
the tangential movement and take

x′(0) = −ϑ(x)
∇φ

‖∇φ‖2
(2.7)

Substituting (2.3), (2.4) and (2.7) into (2.2), we obtain

(2.2) =

∫

Ω

∇φ · ∇ϑ

‖∇φ‖
h(x,n)

+ ‖∇φ‖

(

−
(∇h)T∇φ ϑ

‖∇φ‖2
+

(∇nh)T P∇ϑ)

‖∇φ‖

)

dx (2.8)

Equation (2.8) is the weak formulation of Euler-Lagrange equation. If we utilize the formula of
integrate by parts taking into account ϑ ∈ C∞

0 (Ω), Euler-Lagrange equation

−div

[

h(x, n)
∇φ

‖∇φ‖
+ P∇nh

]

−
(∇h)T∇φ

‖∇φ‖
= 0 (2.9)

is deduced. Obviously, this equation is a second-order nonlinear partial differential equation.
If we write the left hand side of (2.9) as an operator acted on function φ, we can construct
geometric (gradient) flow as follows:

∂tφ = −‖∇φ‖L(φ).

For further details, please see [3].

5



3 Algorithm Outline

From minimizing the energy (1.1), we obtain the following evolution equation (see [3] for details).

∂φ

∂t
= (g + ǫh)div

(

∇φ

‖∇φ‖

)

‖∇φ‖ + ǫ div(P∇nh)‖∇φ‖

+ 2[∇(g + ǫh)]T∇φ = L(φ) + H(∇φ), (3.1)

where

L(φ) = (g + ǫh)div

(

∇φ

‖∇φ‖

)

‖∇φ‖,

H(∇φ) = ǫ div(P∇nh)‖∇φ‖ + 2[∇(g + ǫh)]T∇φ,

P = I− ∇φ
‖∇φ‖ ⊗

∇φ
‖∇φ‖ is a projection operator onto the tangent space and I indicates the identity

mapping. ∇ and ∇n denote the usual gradient operator with respect to x and n. Note that
L(φ) is a parabolic term and H(∇φ) is a hyperbolic term. Hence, in solving equation (3.1) in
the following, the first order term H(∇φ) is computed using an upwind scheme (see [8] for the
reason of using an upwind scheme) over a finer grid, the higher order term L(φ) is computed
using a spline presentation defined on a coarser grid.

Consider the solution of equation (3.1) over the domain Ω = [a, b] × [c, d] × [e, f ] ∈ R3. For
simplicity, we assume b − a = d − c = f − e > 0. We suppose that the domain Ω is uniformly
partitioned with vertices G0 = {xijk}

n
ijk=0 := {xi}

n
i=0 × {yj}

n
j=0 × {zk}

n
k=0, where

xi = a + i∆x, yj = c + j∆y, zk = e + k∆z,

and ∆x = ∆y = ∆z = (b− a)/n. Let Gl be the set of vertices of the grid which is generated by
binary subdividing G0 uniformly l times. Let φ be a piecewise tri-linear level-set function over
the grid Gl, Φ be a tri-cubic spline approximation of φ over the grid G0. In general, l is chosen
as 0 or 1 or 2. In our implementation, we take l = 1. If l = 0, Φ and φ are defined on the same
grid G0. This is the simplest case. The aim of the following algorithm is to compute the spline
level set function Φ.

Algorithm Steps.

1. Initialization. Given a initial Γ, construct a piecewise tri-linear level-set function φ over
the grid Gl. If necessary, apply a re-initialization step to set φ to be a signed distance
function to Γ (see [3] for details). Convert φ to Φ (see [3]).

2. Evolution. Resampling Φ to obtain a new φ over the grid Gl. Compute L(Φ) and H(∇φ)
in the thin shell N = {(xi, yj , zk) ∈ Gl : |φ(xi, yj , zk)| < H}. Update φ in N for one time
step to get φ̃ by an ODE time stepping method (see [3] for details).
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3. Re-initialization. Applying re-initialization step to φ̃ in the shell

N = {(xi, yj , zk) ∈ Gl : min
−1≤µ,ν,λ≤1

|φi+µ,j+ν,k+λ| ≤ H}.

to get a new φ (see [3] ). Convert φ to Φ (see [3] for details). Go back to step 2 if the
termination condition is not satisfied.

4. Iso-contouring. Extract 3-sided or 4-sided iso-surface patches (vertices with normals) of
Φ = c, where c is a given iso-value.

Remark 2.1. For the problem of molecular surface construction, the grid size G0 should be
less than the radii of atoms so that atoms are distinguishable from the level set surface. In our
implementation, the grid size is chosen to be one-half of the minimal value of the atom radii.

Remark 2.2. The aim of using l > 0 is to make φ a more accurate approximation of the
signed distance function. The larger the value of l we use, the better approximation of the
signed distance function we have. Since the scanned data to be approximated in general suffers
from noise, we use the approximation Φ over a coarse grid G0 for denoising. Furthermore, for
generating larger level-set surface patches, again a coarse grid needs to be used.
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